The present paper is devoted to the analysis of the contact problems with Coulomb friction and large deformation between two hyperelastic bodies. One approach to separate the material nonlinearity and contact nonlinearity is presented. The total Lagrangian formulation is adopted to describe the geometrically nonlinear behavior. Nondifferentiable contact potentials are regularized by means of the augmented Lagrangian method. Numerical examples are carried out in two cases: rigid-deformable contact and deformable-deformable contact with large slips. The numerical results prove that the proposed approach is robust and efficient concerning numerical stability.
Introduction
The analysis of contact problems with friction is of great importance in many engineering applications. The numerical treatment of the unilateral contact with dry friction is certainly one of the nonsmooth mechanics topics for which many efforts have been made in the past. In the literature, many attempts have been developed to deal with such problems using the finite element method, these include the penalty function method [1] [2] [3] [4] , the flexibility method [5, 6] , the mathematical programming method [7] [8] [9] , the Lagrangian multiplier method [10, 11] and the augmented Lagrangian method [12] [13] [14] [15] [16] [17] . A large literature base is available for a variety of numerical algorithms [18, 19] . To the authorÕs best knowledge, however, numerical modeling of frictional contact problems between hyperelastic bodies undergoing large deformations remains limited. A continuum framework for finite element discretization of large displacement contact is presented by Curnier et al. [20, 21] and by Klarbring [22] . Recently, analytical investigations on the contact problems between two homogeneous and isotropic soft bodies were performed to simulate the contact of human buttocks and seat cushions [23] . An existence result of frictionless contact problem between a hyperelastic body and a rigid plane has been obtained by Bretelle et al. [24] . However, no applications were presented. In the present work, the intention is to present numerical investigations on the frictional contact problems between hyperelatic bodies with large deformations and large slips. Two numerical examples are performed in this study to show the validity of the developed models.
Modeling of contact problems in a reduced system
In this section, the geometric and kinematic quantities found suitable for describing the contact compatibility of deformable bodies are defined and the local algorithm for contact modeling is presented.
Contact kinematics
First of all, some basic definitions and notations are set up. For the sake of simplicity, let us consider contact between two bodies X 1 and X 2 , one of which may be a rigid foundation. In order to state the contact constraints, we have to find the minimum distance of a point P of one body with respect to the other one. The displacements of the particles of X 1 and X 2 being respectively u 1 and u 2 , the relative displacement is: u ¼ u 1 À u 2 . Let r be the contact traction acting at P from X 2 onto X 1 . Then X 2 is subjected to the traction Àr, acting from X 1 . Let n denote the normal unit vector at the projection point P 0 to the bodies, directed towards X 1 , and Tðt 1 ; t 2 Þ denotes the orthogonal plane to n in R 3 ( Fig. 1 ). Any element u and r may uniquely be decomposed in the form:
Classically, a unilateral contact law is characterized by a geometric condition of nonpenetration, a static condition of no-adhesion and a mechanical complementarity condition. These three conditions are so-called Signorini conditions written in terms of the signed contact distance x n and the normal contact force r n :
x n P 0; r n P 0 and r n x n ¼ 0 ð2Þ where x n denotes the magnitude of the gap between the contact node and the target surface and is a violation of the contact compatibility.
with the initial gap:
Classically, a rate independent dry friction law is characterized by a kinematic slip rule. Let K l denote CoulombÕs cone:
The complete contact law is a complex nonsmooth dissipative law including three statuses: no contact, contact with sticking and contact with sliding. The resulting analytical transcripts yields two overlapped ''if. . .then. . .else'' statements:
An alternative statement is the inverse law:
From convex analysis, the above contact and friction laws are equivalent to the following variational inequality [25] : Find ðr t ; r n Þ 2 K l such that
Local algorithm
In order to avoid nondifferentiable potentials that occur in nonlinear mechanics, such as in contact problems, it is convenient to use the Augmented Lagrangian Method [14] [15] [16] [17] . This method, applied to the variational inequality (8) , leads to the following implicit equation
where q n and q t are real positive numbers, which can be automatically determined from the contact stiffness matrix. For numerical solution of implicit equation (9), UzawaÕs algorithm can be used, which leads to an iterative process involving one predictor-corrector step:
The gist of the method is that the corrector can be analytically calculated and Eq. (11) can be explicitly written as
It is important to emphasis on the fact that this explicit formula is valid for both 2D and 3D contact problems with CoulombÕs friction and allows us to obtain very stable and accurate results.
Hyperelastic bodies undergoing large deformations
Rubber or other polymer materials are said to be hyperelastic. Usually, these kind of materials undergo large deformations. In order to describe the geometrical transformation problems, the deformation gradient tensor is introduced by
where I is the unity tensor, x the position vector and u the displacement vector.
Because of large displacements and rotations, Green-Lagrangian strain is adopted for the nonlinear relationships between strains and displacements. We note C the stretch tensor or the right Cauchy-Green deformation tensor (C ¼ F T F). The Green-Lagrangian strain tensor E is defined by
In the case of hyperelastic law, there exists an elastic potential function W (or strain energy density function) which is a scale function of one of the strain tensors, whose derivative with respect to a strain component determines the corresponding stress component. This can be expressed by
where S is the second Piola-Kirchoff stress tensor. In the particular case of isotropic hyperelasticity [26] , Eq. (15) can be written by
where
) denote the invariants of the right Cauchy-Green deformation tensor C:
The Blatz-Ko constitutive law is used to model compressible foam-type polyurethane rubbers [27] . The strain energy density function is given as follows
where G is the shear modulus. By deriving the energy density (18) with respect to the three invariants, we obtain
Reporting the result in Eq. (16) gives
where B ¼ FF T is the left Cauchy-Green deformation tensor associated to F. Noting J ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi detð2E þ IÞ p , the tensor S can also be written in function of E:
The Cauchy stress (or true stress) tensor r is calculated from the second Piola-Kirchoff stress tensor S as follows
Finite element formulation of nonlinear structures
In the linear analysis, a linear relation is assumed between strains and displacements. However, if there are large displacements and strains, such as in the case of foam applications, the nonlinear relation between strains and displacements on one hand and between stresses and strains on the other hand cannot be ignored. Also, the equilibrium equation of internal and external forces should be considered in the deformed configuration. The geometrically nonlinear analysis may be described by using the total or the updated Lagrangian formulations. The total Lagrangian formulation is derived with respect to the initial configuration. The updated Lagrangian formulation is derived with respect to the current configuration. In other words, the total Lagrangian formulation constructs the tangent stiffness matrix with respect to the initial configuration. On the other hand, the updated Lagrangian formulation constructs the tangent stiffness matrix with respect to the current configuration. The updated Lagrangian formulation is computationally effective [28] because it does not include the initial displacement matrix. In the total Lagrangian formulation, the initial configuration remains constant. This simplifies the computation [29] . Therefore, the total Lagrangian formulation was selected in this work for the finite element discretization.
According to Eqs. (13) and (14), the Green-Lagrangian strain includes formally linear and nonlinear terms in function of nodal displacements:
where B L is the matrix which relates the linear strain term to the nodal displacements, and B NL ðuÞ, the matrix which relates the nonlinear strain term to the nodal displacements. From Eq. (23), the incremental form of the strain-displacement relationship is
Using the principle of virtual displacement, the virtual work dW is given as
where V 0 is the volume of the initial configuration, F ext , the vector of external loads and R, the contact reaction vector. From Eqs. (15)- (20), we obtain
where D is the current stress-strain tensor which is obtained from the derivative of S with respect to E in Eq. (21):
Substituting dE from Eq. (24) into Eq. (25) results in
where the vector of internal forces is defined by
Since du is arbitrary, a set of nonlinear equations can be obtained as
This equation is strongly nonlinear, because of finite strains and large displacements of solid, as we can see from above sections. Besides, the constitutive law of contact with friction is usually represented by inequalities and the contact potential is even nondifferentiable. Instead of solving Eq. (30) in consideration of all nonlinearities at the same time, we propose a approach to separate the nonlinearities in order to overcome the complexness of calculation and to improve the numerical stability. A typical solution procedure for this type of nonlinear analysis is obtained by using the Newton-Raphson iterative procedure [30, 31] :
where i and i þ 1 are the iteration numbers at which the equations are computed. K i T is the tangent stiffness matrix, u, the vector of nodal displacements, Du, the vector of nodal displacements correction, and F i int , the vector of internal forces. Taking the derivative of F int with respect to the nodal displacements u gives the tangent stiffness matrix as
In addition, by using Eq. (26), this expression can be written by
In Eq. (33), the first term is the elastic stiffness matrix K E , the second term is the geometric stiffness (or initial stress stiffness) matrix K r , and the third term is the initial displacement stiffness matrix K U . It is noted that Eq. (31) can not be solved directly because Du and R are both unknown. The key idea is to determine the reaction vector R by Eqs. (10)- (12) in a reduced system which only concerns the contact nodes. Then the displacement increments Du can be computed in the whole structure, using contact reactions as external loading. The Newton-Raphson iterative solution procedure involving contact modeling is written as in Box 1. Box 1. Newton-Raphson iterative solution procedure
Numerical examples
The corresponding algorithms are implemented in the finite element software FER/Contact [32] . In order to validate the developed numerical models, we propose to study two quite different plane strain geometries. It is noted that these analyses were performed on a PC (Pentium 4/2.8 GHz). To show the performance of the present approach, we give the CPU time which is respectively 30 s for the first example and 42 for the second one. Example 1. Contact between a rigid body and a hyperelastic body with small slip The first example studied concerns the indentation of a circular rigid cylinder into an hyperelastic body undergoing large deformations but with relatively small slip, as shown in Fig. 2 . The radius of cylinder is R ¼ 50 mm. The dimension of the deformable body is: a ¼ 280 mm, b ¼ 80 mm. The shear modulus of the material model is G ¼ 10 MPa. The finite element discretization includes 444 four-node isoparametric plane strain elements and 502 nodes. Fifty load steps are performed for this problem and a vertical displacement of 1 mm is applied to the cylinder each step. Fig. 3 shows the computed deformed configuration for a friction coefficient l ¼ 0:4, when the applied displacement is equal to 50 mm. In order to check the influence of friction effects on the applied load, a friction coefficient l ¼ 0:0 is also used. Fig. 2 gives the evolution of applied load with respect to the controlled displacement of the cylinder. The influence of friction effects is obvious, only after 30 load steps.
Example 2. Contact between two hyperelastic bodies with large slip
The second example simulates the contact between two hyperelastic bodies with large slip. The problem is displayed in Fig. 4 .
The upper surface EF of Body 1 is given a rigid motion described by (a, b). The lower surface AC comes into contact with the upper surface IJ of Body 2. The characteristics of this example are:
• Boundary conditions: jaj ¼ 60 mm, jbj ¼ 400 mm on EF, Displacements imposed to zero on GH.
The finite element discretization includes 108 eight-node isoparametric plane strain elements and 386 nodes. Each element has nine integration points. The number of load steps performed for tangential contact forces on three selected points A, B and C (see Fig. 4 ). Fig. 9 gives the ratio of contact forces from which we can observe the evolution of contact states (sticking or sliding) on different points.
Conclusions
The main purpose of this paper is to present a finite element solution of large deformation contact problems with Coulomb friction between two hyperelastic bodies. This problem includes multiples nonlinearities: geometrical, material and frictional contact. The above numerical results demonstrate that the proposed algorithms, for the local analysis of frictional contact problems Step N°T angential reaction force (N) Step N°N ormal reaction force (N) and for the global resolution of nonlinear equation, are capable of handling a wide range of engineering applications. These include frictional contact between deformable or rigid bodies with small or large tangential slip. The constitutive law of deformable bodies can be linear elastic or nonlinear hyperelastic in the framework of large deformations and large displacements. Step N°| r t |/r n B A C Fig. 9 . Evolution of contact states vs. load steps.
